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$\mathbb{C}[x_{1}, x_{2}, \ldots, x_{n}]$ ( $\mathbb{C}$ )
:
$(w.f)(x_{1}, x_{2}, \ldots, x_{n})=f(x_{w(1)}, x_{w(2)}, \ldots, x_{w(n)})$ ,
$w\in S_{n},$ $f(x_{1}, x_{2}, \ldots, x_{n})\in \mathbb{C}[x_{1}, x_{2}, \ldots, x_{n}]$ . ( $\text{ }$ , $k=1,2,$ $\ldots,$ $n$ (
$e_{k}=e_{k}(x_{1}, x_{2}, \ldots, x_{n})$ $k$ , $e_{1},$ $e_{2},$ $\ldots,$ $e_{n}$ $\mathbb{C}[x_{1}, x_{2}, \ldots, x_{n}]$
$(e_{1}, e_{2}, \ldots, e_{n})$ , $R_{n}=\mathbb{C}[x_{1}, x_{2}, \ldots, x_{n}]/(e_{1}, \ldots, e_{n})$ $S_{n}$
, $S_{n}$ . $(e_{1}, \ldots, e_{n})$ , $R$
,
$R_{n}=\oplus R_{n}^{d}d\geq 0$
. , $k=0,1,$ $\ldots,$ $n-1$ , $n$ $k$
$R_{n}(k;n)=\oplus d\equiv k\mathrm{m}\mathrm{o}\mathrm{d} nR_{n}^{d}$
, $S_{n}$ , $R_{n}(k;n)$ $S_{n}$ ,
$k$ $(n-1)!$ , $n$ $C_{n}$
$S_{n}$ [KW] [$\mathrm{G}$ , Proposition 82].
$R_{n}(k;n)$ , S Hn( $n$ $C_{n}$ ) ,
$k$ ( $C_{n}$ ), $S_{n}$
. , $\gamma=(12\cdots n)$ , $\gamma$
$S_{n}$ $C_{n}=\langle\gamma$ ) , 1 $n$ $\zeta_{n}=e^{2\pi\sqrt{-1}/n}$
, $C_{n}$ $n$
$\psi^{(k)}$ : $C_{n}arrow \mathbb{C}^{\mathrm{x}}$ : $\gamma-\zeta_{n}^{k}$ $(k=0,1, \ldots, n-1)$
, $k$
$R_{n}(k;n)\cong s_{n}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{n}}^{S_{n}}(\psi^{(k)})$
. $\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}$-Weymann , $R(k;n)$ $S_{n}$
$V^{\lambda}(\lambda\vdash n)$ , $\lambda$ major index [KW]. (
Garsia [$\mathrm{G}$ , Theorem 86] $)$
, $l=1,2,$ $\ldots,$ $n$ , $\lambda$ }$\backslash -$ .
$k.=0,1,$ $\ldots,$ $l-1$ (
$R_{n}(k;l)=\oplus d\equiv k\mathrm{m}\mathrm{o}\mathrm{d} lR_{n}^{d}$
, $R_{n}$ (Proposision 1) , $k$
$n!/l$ (Proposition 4). ,
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$l=1,2,$ $\ldots,$ $n$ $S_{n}$ $H_{l}$ , $k=0.1,$ $\ldots l-,1$ $H_{l}$
$Z(k;l)$ , $Z(k;l)$ $S_{n}$ $R(k;l)$
. . . ,
$n=dl+r(0\leq r\leq l-1)$ , $H_{l}$ $l$ $C_{l}$ $r$ $S_{r}$ $C_{l}\cross S_{r}$
(Section 4). , $k=0,1,$ $\ldots,$ $l-1$ , $H_{l}$
$Z(k;l)$ (Section 4), $R_{n}(k;l)$ $Z(k;l)$ $H_{l}$ $S_{n}$
(Theorem 7).
, $\mathbb{C}$ , ( ) $X$ $\# X$
.
2.
$n$ , $S_{n}$ $n$ . $R_{n}$ $S_{n}$ $\mathbb{C}[x_{1}, \ldots, x_{n}]/(e_{1}, \ldots, e_{n})$ ,
$R_{n}=\oplus_{d\geq 0}R_{n}^{d}$ . $R_{n}$ $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}$ :
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}:=\sum_{d\geq 0}q^{d}$
char $R_{n}^{d}$ .
, [ $\mathrm{G}$ , Proposition 81].
Proposition 1. $\lambda=(1^{\alpha_{1}}2^{\alpha_{2}}\cdots n^{\alpha_{n}})\vdash n$ (
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}$ $( \lambda)=\frac{(1-q)(1-q^{2})\cdots(1-q^{n})}{(1-q)^{\alpha_{1}}(1-q^{2})^{\alpha_{2}}\cdots(1-q^{n})^{\alpha_{n}}}$ .
.
Proposition 2. $p$ $l$ , $n=ep+s(0\leq s<p)$ . , $\theta$ 1 $p$
, $\lambda\vdash n$ (
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(\lambda)|_{q=\theta}\neq 0\Rightarrow\lambda=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{e})$ ,
$\alpha_{1}+\cdots+s\alpha_{s}=s$ 9.
Proof. $l=n$ Stembridge [S] ([G] ). Proposition 1 ,
$\lambda=(1^{\alpha_{1}}2^{\alpha_{2}}\cdots n^{\alpha_{n}})\vdash n$ (
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(\lambda)|_{q=\theta}=\frac{(1-q)(1-q^{2})\cdots(1-q^{n})}{(\mathrm{I}-q)^{\alpha_{1}}(1-q^{2})^{\alpha_{2}}\cdots(1-q^{n})^{\alpha_{n}}}|_{q=\theta}$.
0 $1-q^{p},$ $1-q^{2p},$ $\ldots,$ $1-q^{ep}$ $e$ . ,
$(1-q^{p})^{\alpha_{\mathrm{p}}},$ $(1-q^{2p})^{\alpha_{2p}},$
$\ldots,$
$(1-q^{ep})^{\alpha_{\mathrm{e}\mathrm{p}}}$ $\alpha_{p}+\alpha_{2p}+\cdots+\alpha_{ep}$ { .
$p\alpha_{p}+2p\alpha_{2p}+\cdots+ep\alpha_{ep}\leq\alpha_{1}+2\alpha_{2}+\cdots+n\alpha_{n}=n(=ep+s)$
$\alpha_{p}+2\alpha_{2p}+\cdots+e\alpha_{ep}\leq e$







$\lambda.1\mathfrak{f}^{l},\mathrm{r}_{\backslash }\mathrm{f}\mathrm{f}\mathrm{l}\emptyset/*_{\backslash }T\backslash \alpha \mathrm{R}\backslash ^{\acute{7}\grave{t}}\cdot \mathrm{f}^{\frac{\mathrm{r}}{\mathrm{R}}}l:bo\equiv \mathrm{n}\mathfrak{F}^{\mathrm{j}}-\ovalbox{\tt\small REJECT}\doteqdot_{\mathrm{t}}\doteqdot\neq \mathrm{R}[_{arrow}^{-}0\iota\backslash \tau$
$\alpha_{i}=0(s+1\leq i\leq n, i\neq p)$ , $\alpha_{1}+2\alpha_{2}+\cdots+s\alpha_{s}=s$
.
$1\leq l\leq n$ $l$ , $0\leq k\leq l-1$
$R_{n}(k;l):=\oplus R_{n}^{d}d\equiv k\mathrm{m}\mathrm{o}\mathrm{d} l$
.
$R_{n}=\oplus R_{n}(k;l)k=0l-1$ .
$(k;l)$ $k$ . , .
Lemma 3. $t$ $f(t)=a_{0}+a_{1}t+\cdots$ . $m\geq 2$ , $\zeta$
1 $m$ . , :
(a) $k=1,$ $\ldots,$ $m-1$ , $f(\zeta^{k})=0$ .
(b) $f(t)$ cl=\Sigma j21\sim + $l=0,1,$ $\ldots,$ $m-1$ .




$(k=1, \ldots, m-1)$ . :
$\{$
$c_{0}+c_{1}\zeta+c_{2}\zeta^{2}+\cdots+c_{m-1}\zeta^{m-1}=0$ ,
$c_{0}+c_{1}\zeta^{2}+c_{2}(\zeta^{2})^{2}+\cdots$ -1 $(\zeta^{2})^{m-1}=0$ ,
$c_{0}+c_{1}\zeta^{m-1}+c_{2}(\zeta^{m-1})^{2}+\cdots+c_{m-1}(\zeta^{m-1})^{m-1}=0$
$m-1$ , 1 ,
( $c_{0},$ $c_{1},$ $\ldots$ , -1) $=(1,1, \ldots, 1)$ (b) .
Proposition 4. $l=1,2,$ $\ldots,$ $n$ . $k=0,1,$ $\ldots,$ $l$ ( , $R_{n}(k;l)$
.
$\dim R_{n}(k;l)=\frac{n!}{l}$ .
Proof. $l=1$ , $l\geq 2$ . Proposition 1 , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}$
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(1^{n})$ $=$ $\frac{(1-q)(1-q^{2})\cdots(1-q^{n})}{(1-q)^{n}}$
$=$ $(1+q)(1+q+q^{2})\cdots(1+q+\cdots+q^{n-1})$
. 1 $l$ $\zeta_{l}$ 1 $+\zeta\iota+\cdots+\zeta_{l}^{l-1}=0$ . ,
$l=2,$ $\ldots,$ $n$ , $\zeta_{l}^{k}(k=1, \ldots, l-1)$ , $2\leq m\leq l$ , 1 $m$
, Lemma 3 (a) . $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(1^{n})$ $d$ $\dim R_{n}^{d}$
, $\dim R_{n}(k;l)=\dim R_{n}^{k}+\dim R_{n}^{k+l}+\cdots$ $k$ .
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. $n=dl+r(0\leq\uparrow\cdot<l)$ , $S_{dl}$ $S_{r}$ $S_{n}$
:
$S_{dl}=$ { $\sigma\in S_{n}|\sigma(i)=i$ for all $i=dl+1\ldots.,$ $n$ },
$S_{r}=$ { $\sigma\in S_{n}|\sigma(i)=i$ for all $i=1,$ $\ldots.dl$ }$’$ .
$\lambda=(1^{\alpha_{1}}2^{\alpha_{2}}\cdots n^{\alpha_{n}})\vdash n$ (
$z_{\lambda}=1^{\alpha_{1}}2^{\alpha_{2}}\cdots n^{\alpha_{n}}\alpha_{1}!\alpha_{2}$ ! $\cdots\alpha_{n}$ !
. $C_{\lambda}$ cycle type $\lambda$ , $z_{\lambda}$ $n!/\# C_{\lambda}$ .
Proposition 5. $n=dl+r,$ $0\leq r\leq l-1$ .
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}\equiv \mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{\mathrm{r}}}^{S_{n}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})$ mod $q^{l}-1$ .
Proof. - , $\lambda\vdash n$
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(\lambda)\equiv \mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}^{n}\mathrm{x}S_{r}}^{S}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\lambda)$ mod $q^{l}-1$







(a) $\lambda=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{e})$ , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(\lambda)|_{q=\theta}=\mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{r}}^{S_{n}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(Rdl\otimes R_{r})(\lambda)|_{q=\theta}$ ,
(b) $\lambda\vdash n$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{S_{d1}\mathrm{x}S_{r}}^{S_{n}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\lambda)|_{q=\theta}=0$ .
.





$\lambda(\sigma)$ $\sigma\in S_{n}$ cycle type . , $S_{n}$ $f,$ $g$
$\langle f, g\rangle_{S_{n}}=\frac{1}{n!}\sum_{\sigma\in S_{n}}f(\sigma)g(\sigma)$
, $S_{n}$ $\phi$
$\langle\phi, C_{\lambda}\rangle s_{n}=z_{\lambda}^{-1}\phi(\lambda)$
. (a) , $\lambda=(1^{\alpha_{1}}\cdot\cdot.\cdot s^{\alpha_{s}}p^{e})$
$\langle \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}, C_{\lambda}\rangle_{S_{n}}|_{q=\theta}=\langle \mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}^{n}\mathrm{x}S_{r}}^{S}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R^{S_{dl}}\otimes R^{S_{r}}),$ $C_{\lambda}\rangle_{\mathrm{S}_{n}}|_{q=\theta}$
. , Proposition 1
$z_{\lambda}^{-1} \frac{(1-q)(1-q^{2})\cdots(1-q^{n})}{(1-q)^{\alpha_{1}}\cdots(1-q^{s})^{\alpha_{s}}(1-q^{p})^{e}}|_{q=\theta}$
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$= \frac{1}{(dl)!r!}\sum_{(\sigma,\tau)\in S_{dl}\mathrm{x}S_{r},\{}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\sigma, \tau)C_{\lambda}(\sigma, \tau)|_{q=\theta}$
, $\lambda=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{e})$ $dl$ $r$ $|\mathrm{J}$ ( [1 $(p^{e-f})\vdash dl$ $(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{f})\vdash r$
, $(\sigma, \tau)\in S_{dl}\cross S_{r}$ ,
$C_{\lambda}(\sigma, \tau)=1\Leftrightarrow\{$
$\lambda(\sigma)=(p^{d\frac{\iota}{p}})=(p^{e-f})\vdash dl$
$\lambda(\tau)=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{f})\vdash r$ ,
$n$ $=$ $dl+r$ $(0\leq r\leq l-1)$
$=$ $ep+s$ $(0\leq s\leq p-1)$ ,
$r=fp+s(0\leq s\leq p)$ . ( $dl/p=e-f.$ )
$\frac{1}{(dl)!r!}\sum_{(\sigma,\tau)\in S_{dl\mathrm{x}S_{r}}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\sigma, \tau)C_{\lambda}(\sigma, \tau)|_{q=\theta}$




$=\langle \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}, C_{\lambda}\rangle_{S_{n}}|_{q=\theta}$ .
(a) . (b) .
$\langle \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r}),$ ${\rm Res}_{S_{dl}}^{S_{n}}{}_{\mathrm{x}S_{r}}C_{\lambda}\rangle_{S_{dl}\mathrm{x}S_{r}}|_{q=\theta}\neq 0$
$\text{ }\mathfrak{R}\acute{\pi}^{-}\Gamma \text{ }$ . $arrow\dot{\mathit{0}}arrow$) $\text{ }$
$\langle \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r}),$ ${\rm Res}_{S_{dl}}^{\grave{S}_{n}}{}_{\mathrm{x}S_{r}}C_{\lambda}\rangle_{S_{dl}\mathrm{x}S_{r}}|_{q=\theta}$
$= \frac{1}{(dl)!r!}\sum_{(\sigma,\tau)\in S_{dl}\mathrm{x}S_{r}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\sigma, \tau)C_{\lambda}(\sigma, \tau)|_{q=\theta}$
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.
$(\mathrm{B}fli\mathrm{f}\mathrm{f}\mathrm{i}\star..\wedge\mp\dot{.}\mathrm{f}.\pm i_{\wedge 0}^{\#\wedge \mathrm{f}}\mathrm{x}.\cdot\cdotarrow"\cdot\beta)$
, $(\sigma, \tau)\in S_{dl}\cross S_{r}$ ,
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}(R_{dl}\otimes R_{r})(\sigma, \tau)|_{q=\theta}=\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{dl}(\sigma)|_{q=\theta}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{r}(\tau)|_{q=\theta}\neq 0$ .
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{dl}(\sigma)|_{q=\theta}\neq 0$ , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{r}(\tau)|_{q=\theta}\neq 0$
$\underline{dl}$
)1 . , $\lambda(\sigma)=(p^{\mathrm{p}})=(p^{e-f})$ $\lambda(\tau)=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{f})$ . ,
$(\sigma, \tau)$ $C_{\lambda}(\sigma, \tau)\neq 0$ . $\lambda=\lambda(\sigma)\cup\lambda(\tau)$
. $\lambda=\lambda(\sigma)\cup\lambda(\tau)=(1^{\alpha_{1}}\cdots s^{\alpha_{s}}p^{e})$ .
3. $n$ $l$
$n$ , $l$ | . $C_{l}$ $l$ . , $C_{l}$
$l$ . $\psi^{(0)},$ $\ldots,$ $\psi^{(l-1)}$ . ,
$\psi^{(k)}$ : $C_{l}arrow \mathbb{C}^{\mathrm{x}}$ : $\gamma-\zeta_{l}^{k}$
. $\gamma$ $l$ $(12 \cdots l)$ , 1 $l$ . $C_{l}$ ,
$S_{n}$ :
$C_{l}\cong\langle\gamma_{1}\gamma_{2}\cdots\gamma_{d}\rangle\subset S_{n}$ ,
$\gamma_{1}=(1,2, \ldots, l),$ $\gamma_{2}=(l+1, l+1, \ldots, 2l),$







$S_{n}$ , $\Gamma_{n}$ $\Gamma_{n}\rho$ (see e , [ $\mathrm{G}$ , Proposition
52][$\mathrm{R}$ , Lemma 84] $)$ :





Proposition 3 , $k=0,1,$ $\ldots,$ $l-1$ ,
$R_{n}(k;l)=\oplus R_{n}^{d}yd\equiv k\mathrm{m}\mathrm{o}\mathrm{d} l$
, .
Proposition 6. $k=0,1,$ $\ldots,$ $l-1$
$R_{n}(k;l)\cong_{S_{n}}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{l}}^{S_{n}}(\psi^{(k)})$ .
Proof. :
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}\equiv\sum_{k=0}^{l-1}q^{k}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{\iota}}^{S_{n}}$char $(\psi^{(k)})$ mod $q^{l}-1$ .
$\ovalbox{\tt\small REJECT}_{\mathrm{f}}^{\coprod_{\llcorner}}$ . , $q$ $\zeta_{l}^{s}$ ($s=0,1,$ $\ldots,$ $l-1,$ $\zeta_{l}$ 1 $l$ )
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$k=0,$ $\ldots,$ $l-1$ C
$\mathrm{I}\mathrm{n}\mathrm{d}_{C_{1}}^{S_{n}}(\cdot\psi^{(k)})\cong_{S_{n}}\mathbb{C}[S_{n}]\tau^{(k)}$
.










$z_{\lambda}$ , $\lambda=\lambda((\gamma_{1}\cdots\gamma_{d})^{s})$ ,
0, otherwise.






, Proposition 2 Proposition 1 .
4.
$n$ , $l$ $1\leq l\leq n$ . $n=dl+r$ , $0\leq r\leq l-1$ .
$R_{n}$ $S_{n}$
$T\backslash ^{T}\acute{\grave{\wedge}}\text{ ^{}\backslash }\mathrm{I}^{\frac{\varpi}{\mathrm{R}}}$ , $R_{n}=\oplus_{d\geq 0}R_{n}^{d}$ . $k=0,1,$ $\ldots,$ $l-1$
$R_{n}(k;l)$ $:=$ $\oplus$ $R_{n}^{d}$
$d\equiv k$ mod $l$
.
, $l=1,2,$ $\ldots,$ $n$ , S $H_{l}$ :
$H_{l}$ $:=\langle\gamma_{1}\gamma_{2}\cdots\gamma_{d}\rangle\cross S_{r}$
$\cong C_{l}\cross S_{r}$ ,
$i=1,2,$ $\ldots,$ $d$ $\gamma_{i}$ $((i-1)l+1, (i-1)l+2,$ $\ldots$ ,il) ,
$S_{r}$ $S_{n}$ 1, $\ldots,$ $n$ $r$ \iota
, $k=0,1,$ $\ldots,$ $l-1$ $H_{l}$ $Z(k;l)$ $:n=dl+r(0\leq r\leq l-1)$
$Z(k;l):=\oplus$ $\oplus$ $\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda}$ ,
$\lambda\vdash rT\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)$
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, $V^{\lambda}$ $\lambda$ $S_{r}$ . $k$
, $S_{n}$ $\mathrm{I}\mathrm{n}\mathrm{d}_{H_{l}}^{S_{n}}Z(k;l)$ , $k$
. ,
$\dim Z(k;l)$ $=$
$\sum_{\lambda\vdash r}\sum_{T\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)}\dim\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda}$







, Proposition 4 , R $(k;l)$ . $S_{n}$
.
Theorem 7(Main result). $l=1,2,$ $\ldots,$ $n$ . , $k=0,1,$ $\ldots,$ $l-1$ (
:
$R_{n}(k;l)\cong s_{n}\mathrm{I}\mathrm{n}\mathrm{d}_{H_{l}}^{S_{n}}(Z(k;l))$
Proof. $\lambda\vdash n$ , :
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}R_{n}(\lambda)\equiv\sum_{k=0}^{l-1}q^{k}\sum_{\lambda\vdash r}\sum_{T\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)}\mathrm{I}\mathrm{n}\mathrm{d}_{H_{l}}^{S_{n}}$char $(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda})(\lambda)$ mod $q^{l}-1$ . $(*)$
$n=dl+r$ , $0\leq r\leq l-1$ , $S_{dl}$ $dl+1,$ $\ldots,$ $n$ S .
$H_{l}$ $S_{dl}\cross S_{r}$
$\mathrm{I}\mathrm{n}\mathrm{d}_{H_{l}}^{S_{n}}(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda})\cong_{S_{n}}\mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{r}}^{S_{n}}(\mathrm{I}\mathrm{n}\mathrm{d}_{H_{l}}^{S_{dl}\mathrm{x}S_{r}}(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda}))$ ,
, $\lambda\vdash n$ . (2) , :
$\sum\sum l-1$
$\sum$ $q^{k}\mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{r}}^{S_{n}}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{l}\mathrm{x}S_{r}}^{S_{dl}\mathrm{x}S_{r}}$ char $(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))}\otimes V^{\lambda})$
$k=0\lambda\vdash rT\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)$
$= \mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{r}}^{S_{n}}(\sum_{k}\sum_{\lambda}\sum_{T}q^{k}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{l}}^{S_{dl}}$ char $(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))})$ .char $(V^{\lambda}))$
$=\mathrm{I}\mathrm{n}\mathrm{d}_{S_{dl}\mathrm{x}S_{r}}^{S_{\mathfrak{n}}}$ ($\sum_{k}\sum_{\lambda}\sum_{T}q^{k-\mathrm{m}\mathrm{a}\mathrm{j}(T)}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{l}}^{S_{dl}}$ char $(\psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))})\cdot q^{\mathrm{m}\mathrm{a}\mathrm{j}(T)}$ char $(V^{\lambda})$). $(^{**})$
$\sum_{k}q^{k-\mathrm{m}\mathrm{a}\mathrm{j}(T)}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{l}}^{S_{dl}}$
char $( \psi^{(k-\mathrm{m}\mathrm{a}\mathrm{j}(T))})\equiv\sum_{k}q^{k}\mathrm{I}\mathrm{n}\mathrm{d}_{C_{\iota}}^{S_{d1}}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}(\psi^{(k)})$ $\mathrm{m}\mathrm{o}\mathrm{d} q^{l}-1$ .
, char $R$q $dl$ l $q^{l}-1$ . ,
$\mathrm{K}\mathrm{r}\mathrm{a}\acute{\mathrm{s}}\mathrm{k}\mathrm{i}\mathrm{e}\mathrm{w}\mathrm{i}\mathrm{c}\mathrm{z}$ -Weymann
$[R_{d}^{(n)} : V^{\lambda}]=\#\{T\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)|\mathrm{m}\mathrm{a}\mathrm{j}(T)=d\}$
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, Proposition 5 $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{q}$ R $q^{l}-1$ .
, $\lambda$ $n$ , $S_{n}$ $V^{\lambda}$ $R(k;l)$ .
Proposition 8. $[R_{n}(k;l):V^{\lambda}]=\#\{T\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda) |\mathrm{m}\mathrm{a}\mathrm{j}(T)\equiv k\mathrm{m}\mathrm{o}\mathrm{d} l\}$ .
Proof. $S_{n}$ $R_{n}=\oplus_{d\geq 0}R_{n}^{d}$ $d$ $R_{n}^{d}$ $V^{\lambda}$ $[R_{n}^{d} : V^{\lambda}]$ , $[\mathrm{G}$ ,
Theorem 86]
$[R_{n}^{d} : V^{\lambda}]=\#\{T\in \mathrm{S}\mathrm{T}\mathrm{a}\mathrm{b}(\lambda)|\mathrm{m}\mathrm{a}\mathrm{j}(T)=d\}$
. , .
Example 9. $n=5$ $l=3$ . , $H_{3}$ $\langle(123)\rangle\cross\langle(45)\rangle$ ,
$C_{3}\cross S_{2}$ .
$R_{5}(k;3)\cong_{S_{5}}(\psi^{(k)}\otimes V^{(2)})\uparrow_{H_{3}}^{S_{5}}$
, $k=0,1,2$ . $n=11,$ $l=4$ $(r= 3)$ , $H_{4}$
$\langle(1234)(5678)\rangle\cross\langle(9,10), (10,11)\rangle$ $C_{4}\cross S_{2}$ . , $k=0,1,2,3$
, $R(11)(k;4)$ $H_{4}$ $S_{11}$ :
$Z(0;4)=(\psi^{(0)}\otimes V^{(3)})\oplus(\psi^{(3)}\otimes V^{(2,1)})\oplus(\psi^{(2)}\otimes V^{(2,1)})\oplus(\psi^{(1)}\otimes V^{(1,1,1)})$ ,
$Z(1;4)=(\psi^{(1)}\otimes V^{(3)})\oplus(\psi^{(0)}\otimes V^{(2,1)})\oplus(\psi^{(3)}\otimes V^{(2,1)})\oplus(\psi^{(2)}\otimes V^{(1,1,1)})$ ,
$Z(2;4)=(\psi^{(2)}\otimes V^{(3)})\oplus(\psi^{(1)}\otimes V^{(2,1)})\oplus(\psi^{(0)}\otimes V^{(2,1)})\oplus(\psi^{(3)}\otimes V^{(1,1,1)})$ ,
$Z(3;4)=(\psi^{(3)}\otimes V^{(3)})\oplus(\psi^{(2)}\otimes V^{(2,1)})\oplus(\psi^{(1)}\otimes V^{(2,1)})\oplus(\psi^{(0)}\otimes V^{(1,1,1)})$ .
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